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We investigate the properties of two interacting ultracold polar molecules described as distin-
guishable quantum rigid rotors, trapped in a one-dimensional harmonic potential. The molecules
interact via a multichannel two-body contact potential, incorporating the short-range anisotropy of
intermolecular interactions including dipole-dipole interaction. The impact of external electric and
magnetic fields resulting in Stark and Zeeman shifts of molecular rovibrational states is also investi-
gated. Energy spectra and eigenstates are calculated by means of the exact diagonalization. The im-
portance and interplay of the molecular rotational structure, anisotropic interactions, spin-rotation
coupling, electric and magnetic fields, and harmonic trapping potential are examined in detail, and
compared to the system of two harmonically trapped distinguishable atoms. The presented model
and results may provide microscopic parameters for molecular many-body Hamiltonians, and may
be useful for the development of bottom-up molecule-by-molecule assembled molecular quantum
simulators.
I. INTRODUCTION
In the last decades an unprecedented control over
quantum atomic systems has been achieved at ultralow
temperatures. Quantum gases of ultracold atoms in traps
have allowed for groundbreaking experiments [1]. One-,
two-, and three-dimensional (1D, 2D, and 3D, respec-
tively) systems can now be prepared, manipulated, and
measured with great accuracy [2]. Ultracold atoms in
traps are especially useful for quantum simulation of var-
ious models of many-body physics, and a plethora of
quantum phenomena have been investigated and under-
stood [3]. Bose-Einstein condensates, degenerate Fermi
gases, quantum phase transitions, and spin models have
been realized. In the last years, 1D systems have at-
tracted significant attention [4–7], due to the important
role played by quantum fluctuations [8].
Recently, the deterministic preparation of tunable few-
fermion systems with complete control over the number
of particles and their quantum state [9] has opened the
way towards quantum simulation of strongly correlated
few-body systems. The fermionization of two distin-
guishable fermions [10], formation of a Fermi sea [11],
pairing in few-fermion systems [12], antiferromagnetic
Heisenberg spin chains [13], and two fermions [14] or
bosons [15, 16] in a double well have been experimen-
tally investigated in one dimension. On the other hand,
the atom-by-atom assembling of defect-free 1D and 2D
cold atom arrays has also been realized [17, 18]. In this
way the production of fully controllable synthetic quan-
tum matter can be achieved using both top-down and
bottom-up approaches.
Experimental possibilities have motivated intensive
theoretical studies of few-body atomic systems. The an-
alytical solution is known for the general case of two
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atoms in a harmonic trap interacting via contact [19]
or finite-range soft-core [20] potential. Recently, energy
spectra of harmonically trapped two-atom systems with
spin-orbit coupling have been investigated in one dimen-
sion [21] and three dimensions [22, 23]. Low-energy states
of two atoms with a dipole moment in a 3D harmonic trap
have also been investigated [24–26]. Systems of several
fermions [27–34] or several bosons [35–39] in a 1D har-
monic trap have been studied using various analytical
and numerical approaches.
Ultracold molecules have a much richer internal struc-
ture as compared to atoms [40]. This includes rota-
tional and vibrational levels together with possible per-
manent electric dipole moment. Therefore, one can ex-
pect the few-body physics with molecules to be at least
as interesting and rich as with atoms. Ultracold high
phase-space-density gases of polar molecules in their ab-
solute rovibrational ground state have already been pro-
duced [41–45] and allowed for groundbreaking experi-
ments on controlled chemical reactions [46–49]. An un-
precedented control over ultracold molecular collisions
has been achieved by selecting molecules’ internal states
and by tuning dipolar collisions with an external elec-
tric field in a reduced dimensionality [50–56]. Ultra-
cold polar molecules have been also produced in an op-
tical lattice [57], and dipolar spin-exchange interactions
between lattice-confined polar molecules have been ob-
served [58], opening the way towards quantum simula-
tions with molecules [59]. Recently, the first step to-
wards atom-by-atom assembled few-body molecular sys-
tems has been taken [60] and optical tweezers have been
used to assemble and control molecules at the single-
particle level [61].
All the above developments pave the way towards the
realization and application of a bottom-up molecule-by-
molecule assembled molecular quantum simulator. Here
we investigate a fundamental building block of such a
simulator, that is, two interacting polar molecules ef-
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2fectively trapped in a one-dimensional harmonic poten-
tial. In our model we describe molecules as distin-
guishable rigid quantum rotors, which interact in a one-
dimensional harmonic trap via a multichannel two-body
contact potential incorporating short-range isotropic and
anisotropic intermolecular interactions. We analyze in
detail the properties of such systems including the in-
terplay of the molecular rotational structure, anisotropic
interactions, spin-rotation coupling, external electric and
magnetic fields, and harmonic trapping potential. En-
ergy spectra and eigenstates are calculated by means of
the exact diagonalization. Our calculations may be con-
sidered as a microscopic model for the on-site interaction
of the molecular multichannel Hubbard Hamiltonian [62–
64] and may provide underlying parameters for effective
molecular many-body Hamiltonians.
We show that the anisotropic intermolecular inter-
action brings states with higher total rotational angu-
lar momenta to lower energies such that the absolute
ground state of the molecular system can have total
angular momentum larger than zero and be degener-
ate. Such systems may potentially be useful for re-
alizing quantum simulators of exotic spin models. A
strong anisotropic intermolecular interaction can induce
the emergence of the molecular equivalent of the atomic
super-Tonks-Girardeau limit but, at the same time, the
importance of the anisotropic intermolecular interaction
is reduced in the limit of a very strong isotropic interac-
tion. Magnetic and electric fields induce a high density
of states and a large number of avoided crossings, which
can be used to control a system’s properties. No signa-
tures of quantum chaotic behavior in energy spectra are,
however, found.
The plan of this paper is as follows. Section II describes
the used theoretical model and its range of applicability.
Section III presents and discusses the numerical results
and physical implications of our findings. Section IV
summarizes our paper and presents future possible ap-
plications and extensions.
II. THEORETICAL MODEL
A. Hamiltonian
We consider two molecules bound to move along one
dimension due to the presence of a strong transverse con-
finement, as schematically shown in Fig. 1(a). Along the
axial direction the molecules are further confined by a
harmonic potential of frequency ω. The molecules are
described within the rigid rotor approximation and they
interact by means of a model multichannel two-body
contact potential. We assume that the strong trans-
verse confinement does not affect the internal rotation
of molecules. This is valid when the size of molecules
Re is much smaller than the transverse harmonic oscil-
lator characteristic length a⊥ =
√
~/(mω⊥), where m
is the mass of molecules and ω⊥ is the transverse har-
FIG. 1. Schematic representation of the investigated sys-
tem and its features: (a) Illustration of two diatomic polar
molecules in a 1D trap in external electric E and magnetic B
fields. (b) The energy spectrum of a rotating molecule in a
1D harmonic trap. (c) The energy of a polar molecule in an
electric field (Stark’s effect).
monic confinement frequency. At the same time, we as-
sume that the transverse harmonic confinement is much
stronger that the axial one (ω⊥  ω), and no excitation
of transverse motion is energetically allowed. We also as-
sume that the confinement does not affect the short-range
intermolecular interaction and dynamics. This is valid
when the range of chemical intermolecular interactions
RvdW is much smaller than the harmonic oscillator char-
acteristic lengths a⊥ and aho =
√
~/(mω). For atomic
systems, the effective 1D behavior is observed for elon-
gated harmonic traps with ω⊥/ω ≥ 10 [9, 65]. We neglect
possible losses due to inelastic collisions (vibrational re-
laxation), or chemical reactions, but they can potentially
be incorporated in our model within the complex contact
interaction potential formalism [66, 67].
The generic Hamiltonian describing two interacting po-
lar and paramagnetic molecules in a one-dimensional trap
is of the form
Hˆ = Hˆtrap + Hˆmol + Hˆfield + Hˆint , (1)
where Hˆtrap describes the motion of molecules in a trap,
Hˆmol describes the internal (rotational and spin) struc-
ture of molecules, Hˆfield describes the interaction of
molecules with external fields, and Hˆint describes the in-
teraction between molecules.
The Hamiltonian describing two structureless particles
in a one-dimensional harmonic trap is
Hˆtrap =
2∑
i=1
pˆ2i
2m
+
2∑
i=1
1
2
mωz2i , (2)
where pˆi and zi are the linear momentum and position of
the i-th particle, respectively, m is their mass, and ω is
the trapping frequency. We assume that two molecules
have the same mass (consisting of the same atoms) and
are in the same vibrational state. We also assume that
3the trapping frequency does not depend on the rotational
states of molecules.
The Hamiltonian describing the internal structure of
two molecules (rigid quantum rotors) with spin is
Hˆmol = Hˆrot + Hˆspin−rot , (3)
where
Hˆrot =
2∑
i=1
B jˆ2i ,
Hˆspin−rot =
2∑
i=1
γ sˆi · jˆi .
(4)
Hˆrot stands for the rotational structure and Hˆspin−rot
stands for the spin-rotation coupling. jˆi is the i-th
molecule’s rotational angular momentum operator, B is
the rotational constant, and sˆi is the i-th molecule’s elec-
tronic spin angular momentum operator. The molecular
spin-rotation interaction with the coupling constant γ is
responsible for coupling the molecular intrinsic electric
and magnetic dipole moments, because the permanent
electric dipole moment is associated with the molecular
rotation. We assume the same rotational constants and
the same electric and magnetic dipole moments for both
molecules. We also assume that the rotational and spin-
rotation coupling constants do not depend on the rota-
tional states of molecules. We neglect the nuclear spin
in our description, although it can be used to control
distinguishability of molecules.
The Hamiltonian describing the interaction with ex-
ternal electric and magnetic fields is
Hˆfield = HˆStark + HˆZeeman , (5)
where
HˆStark =−
2∑
i=1
dˆi · E ,
HˆZeeman =2µB
2∑
i=1
sˆi ·B .
(6)
dˆi is the i-th molecule’s electric dipole moment opera-
tor and E and B are the electric and magnetic fields,
which couple with the molecules’ electric and magnetic
dipole moments, respectively. HˆStark results in the Stark
effect and HˆZeeman results in the Zeeman effect. We as-
sume that the electric and magnetic fields are parallel to
each other and parallel or perpendicular to the motion of
molecules in the trap.
The Hamiltonian describing the interaction between
molecules is
Hˆint = Hˆiso + Hˆaniso , (7)
where we distinguish two parts: the isotropic one Hˆiso
and anisotropic one Hˆaniso. The isotropic part of the in-
teraction potential is of the same nature as the spherically
symmetric interaction potential between alkali-metal
atoms in the electronic ground state. The anisotropic
part of the interaction potential results from the exis-
tence of molecular internal structure and orientation de-
pendence of intermolecular interactions [53, 54]. It is re-
sponsible for the transfer of the internal rotational angu-
lar momenta between interacting molecules. Neglecting
the anisotropic part of the interaction potential restores
results known for two interacting atoms in a harmonic
trap.
The intermolecular interaction potential may in gen-
eral depend on all the internal degrees of freedom and
the relative orientation of interacting molecules. This
dependence is responsible for effective mixing and ex-
changing different angular momenta present in interact-
ing molecules and the relative motion during molecular
collisions [53, 54, 68]. Here we propose and employ a
model multichannel two-body contact interaction poten-
tial to account effectively for the coupling of molecular
rotational angular momenta during ultracold molecular
collisions. The contact interaction potential is commonly
used in ultracold physics as a very successful approxi-
mation to describe atom-atom interactions of the short-
range van der Waals character [69]. Similar performance
of this approximation can be expected while applied to
anisotropic intermolecular interactions of the short-range
van der Waals nature. Additionally, in reduced dimen-
sionality, even long-range interactions can be approxi-
mated effectively by short-range ones [70].
The isotropic part of the intermolecular interaction po-
tential is
Hˆiso =
∑
α
gαδ(z1 − z2)Pˆα , (8)
where gα is the strength of the isotropic interaction for
channel α, δ(z) is the Dirac delta function imposing as-
sumed contact-type interaction, and Pˆα is the projection
operator
Pˆα = |α〉〈α| , (9)
where |α〉 is a basis set function (channel) describing all
degrees of freedom of the system except the intermolec-
ular distance.
The anisotropic part of the intermolecular interaction
potential is
Hˆaniso =
∑
α6=α′
gαα′δ(z1 − z2)Pˆαα′ , (10)
where gαα′ is the strength of the anisotropic interaction
between channels α and α′, and Pˆαα′ is of the form
Pˆαα′ = |α〉〈α′|+ |α′〉〈α| . (11)
Different models of intermolecular interactions can be
represented by imposing different forms of gα and gαα′ .
The isotropic and anisotropic interaction strengths gα
and gαα′ result from specific values of scattering lengths
4and chemical short-range intermolecular interaction po-
tentials. In principle, they can be controlled by means
of magnetic or optical Feshbach resonances, as well as
by changing chemical composition or vibrational states
of molecules.
The general form of the interaction potential of Eq. (7)
can capture all types of intermolecular interactions. Nev-
ertheless, due to the special importance of the inter-
molecular dipole-dipole interaction in ultracold physics,
we consider this interaction separately. In three dimen-
sions, it is described by the following Hamiltonian
Hˆ3Ddip =
dˆ1 · dˆ2 − 3(dˆ1 · er)(dˆ2 · er)
r3
, (12)
where r and er are the distance and versor connecting
two molecules, respectively. By restricting the motion to
one dimension, er = ez, and assuming the contact form
of the interaction, 1/z3 → δ(z), which is the exact result
for polarized dipoles in one dimension [71, 72], we arrive
at the effective Hamiltonian, which we use in the present
paper
Hˆdip = −δ(z1 − z2)
(
2dˆ1,0dˆ2,0 + dˆ1,1dˆ2,−1 + dˆ1,−1dˆ2,1
)
,
(13)
where dˆi,q ≡ eq · dˆi are the spherical components of the
projection of the dipole operator of the i-th molecule onto
the space-fixed frame eq in spherical coordinates. We ap-
proximate the long-range character of the dipole-dipole
interaction by the contact potential to simplify our model
and analysis. This interaction limited to one dimension
does not conserve the total rotational angular momen-
tum.
B. Technicalities of exact diagonalization
It is possible to separate the center-of-mass and rela-
tive motions in the Hamiltonian of Eq. (1) by introducing
new coordinates Z = 1√
2
(z1 + z2) and z =
1√
2
(z1 − z2),
and related momenta Pˆ and pˆ. Thanks to unconventional
factors of
√
2, the effective masses for both types of mo-
tion are the same (M = µ = m). The total wave func-
tion in new coordinates |Φ(Z, z)〉 = |ϕCM(Z)〉|Ψrel(z)〉
is a product of the wave function for the center-of-mass
motion |ϕCM(Z)〉, which is an eigenstate of the quantum
harmonic oscillator Hamiltonian
HˆCM =
Pˆ 2
2m
+
1
2
mωZ2 , (14)
and the wave function for the relative motion |Ψrel(z)〉,
which is a solution of the Schro¨dinger equation with the
following Hamiltonian
Hˆrel =
pˆ2
2m
+
1
2
mωz2 + Hˆmol + Hˆfield +
1√
2
Hˆint . (15)
In the rest of the paper we focus on finding eigenstates
of the above Hamiltonian, therefore whenever we refer to
spectra or wave functions of the system we mean proper-
ties related to the relative motion. For convenience, we
use units of energy and interaction strength that corre-
spond to ω = m = ~ = 1. This amounts to measuring
energies E in units of ~ω, lengths in units of the harmonic
oscillator characteristic length aho =
√
~/(mω), and the
interaction strengths gα and gαα′ in units of ~ωaho.
For two polar molecules without spin, we represent the
relative motion part of the total wave function in the ba-
sis of eigenstates of the one-dimensional harmonic oscil-
lator |n〉 [( pˆ22m + 12mωz2)|n〉 = (n + 12 )~ω|n〉] and eigen-
states of the total rotational angular momentum operator
|J,M, j1, j2〉 [Jˆ2|J,M, j1, j2〉 = J(J + 1)|J,M, j1, j2〉 and
Jˆz|J,M, j1, j2〉 = M |J,M, j1, j2〉 with Jˆ = jˆ1 + jˆ2]
|Ψk〉 =
∑
n,J,M,j1,j2
Ckn,J,M,j1,j2 |n〉|J,M, j1, j2〉 , (16)
where
|J,M, j1, j2〉 =
∑
m1,m2
〈j1,m1, j2,m2|J,M〉|j1,m1〉|j2,m2〉 ,
(17)
where 〈j1,m1, j2,m2|J,M〉 are Clebsch-Gordan coeffi-
cients and |ji,mi〉 are eigenstates of jˆi. The symmetries
of the Hamiltonian of Eq. (15) resulting in the conserva-
tion of J or M quantum numbers are used to restrict
properly the size of the employed basis set. All pos-
sible combinations of basis functions with n ≤ nmax,
j1 ≤ jmax, and j2 ≤ jmax are employed in calculations.
Numerical coefficients Ckn,J,M,j1,j2 for the k-th state are
calculated by means of the exact diagonalization method.
In the computational basis set (channels) introduced
in Eqs. (16) and (17), the projection operator Pˆα in the
isotropic part of the intermolecular interaction potential
of Eq. (8) takes the form
Pˆα = |J,M, j1, j2〉〈J,M, j1, j2| . (18)
We assume that the corresponding strengths of the
isotropic interaction are independent of molecular inter-
nal states and the same for all channels
gα = g0 . (19)
The coupling operator Pˆαα′ in the anisotropic part of
the intermolecular interaction potential of Eq. (9) is of
the form
Pˆαα′ = |J,M, j1, j2〉〈J,M, j′1, j′2|+ H.c. , (20)
where we assume that the anisotropic part of the in-
termolecular interaction potential does conserve the to-
tal rotational angular momentum of two molecules J,M .
The corresponding strength of the anisotropic interaction
can be written as
gαα′ ≡ gJMj1j2,JMj′1j′2 . (21)
5We assume that the anisotropic interaction strengths do
not depend on the total angular momentum J,M
gJMj1j2,JMj′1j′2 = gj1j2,j′1j′2 , (22)
and consider two types of the anisotropic interaction.
The first one couples molecular states which differ by
k quanta of molecular rotational angular momentum
g±kj1j2,j′1j′2 = δj1,j
′
1±kδj2,j′2∓k g±k , (23)
In this notation, the dipole-dipole interaction has non-
zero terms only related to g0 and g±2. The second, sim-
plified type allows us only to exchange the rotational an-
gular momenta between two interacting molecules if they
differ by k = |j1 − j2|
g±k,exj1j2,j′1j′2 = δj1,j
′
2
δj2,j′1δj1±k,j2 g
ex
±k . (24)
The coefficients g±k and gex±k can depend on k. In our
model calculations we assume that these coefficients are
the largest for k = 1 and we neglect them for k > 1 or
assume geometric decay with k, g±k = g±1/Ak−1.
When we consider molecules possessing spin, the basis
set used in Eq. (16) is augmented by the product of eigen-
states |si,msi〉 of molecular electronic spin operators sˆi
resulting in the computational basis of the form
|n〉|J,MJ , j1, j2〉|s1,ms1〉|s2,ms2〉 . (25)
All spin configurations allowed by the symmetry are in-
cluded in the basis set. The total angular momentum of
the system Jtot,Mtot is then the sum of the total rota-
tional and spin angular momenta. We assume that the
intermolecular interaction potential of Eq. (7) does not
depend on the electronic spin. Matrix elements of the
system’s Hamiltonian in the employed basis set are pro-
vided in Appendix A.
In all calculations we use basis sets with nmax = 30
and jmax = 8, unless it is stated otherwise. Without
using symmetries, the size of the Hamiltonian matrices
would be 105−106. If symmetries are employed, the size
of the Hamiltonian matrices to be diagonalized is be-
tween around 103 and 2 · 104, depending on the angular
momentum and the presence of external fields and spin
structure. The relatively slow convergence of correlated
energy calculations for interacting particles in one dimen-
sion with the number of used single-particle harmonic os-
cillator functions has been recently shown [30, 31]. Nev-
ertheless, for the range of weak and intermediate interac-
tion strengths, physically meaningful results can be ob-
tained with used nmax. Additionally, in the present case,
we have checked that the convergence of energy calcu-
lations with the size of the rotational basis set is much
faster and obtained results are close to converged with
respect to jmax [73].
In the present paper we assume that the rotational
constant of molecules is smaller than or equal to the fre-
quency of the trap, B ≤ ω. If the rotational constant
FIG. 2. Energy spectra of the relative motion for two in-
teracting molecules with the rotational constant B = 10 ~ω
in a one-dimensional harmonic trap: (a) as a function of
the isotropic interaction strength g0 with the anisotropic in-
teraction strength g±1 = 2 and (b) as a function of the
anisotropic interaction strength g±1 with the isotropic inter-
action strength g0 = 2. The spectra for different total angular
momentum J are shifted by the energy of non-interacting sys-
tems with this total angular momentum. Solid and dashed
lines are for states of even and odd spatial symmetries, re-
spectively. Dotted lines in panel (a) are the result for two
interacting atoms.
is much larger than the frequency of the trap, B  ω,
then the results approach atomic solution and molecu-
lar features are less important. To meet the condition
B ≤ ω, molecules in a weakly bound state (e.g., Fes-
hbach molecules [74]) or the very tight harmonic trap
(e.g., a nanoplasmonic one [75]) can be used.
III. RESULTS
A. Short-range anisotropy of intermolecular
interaction
Before we focus on systems with small rotational con-
stants B ≤ ω, which are the main subject of this pa-
6FIG. 3. Energy spectrum of the relative motion for two in-
teracting molecules in a one-dimensional harmonic trap as a
function of their rotational constant B. The isotropic and
anisotropic interaction strengths are set at g0 = g±1 = 4.
per, we will analyze the impact of the anisotropic in-
teraction on systems with B  ω, where the effect of
the anisotropic interaction is relatively smaller, but eas-
ier to interpret. Fig. 2 presents energy spectra of the
relative motion for two interacting molecules with the
rotational constant B = 10 ~ω in a one-dimensional har-
monic trap. Results for three total angular momenta
J = 1, 2, and 3 are presented as a function of the isotropic
interaction strength g0 with the anisotropic interaction
strength g±1 = 2 in panel (a) and as a function of the
anisotropic interaction strength g±1 with the isotropic
interaction strength g0 = 2 in panel (b). Energy spectra
are compared with the known result for two interacting
atoms [19], that is equivalent to the energy spectrum for
interacting molecules with g±1 = 0 or with J = 0. In
panel (a), energies of states with J = 2 are only slightly
shifted as compared with the atomic case due to the cou-
pling by the anisotropic interaction with higher-energy
states. Instead, there are two energy states for each
branch for J = 1 and 3. They originate from the fact
that, in the presented energy range, those total angular
momenta can be constructed from two rotational config-
urations with j1 = 1, j2 = 0 and j1 = 0, j2 = 1 for J = 1,
and j1 = 2, j2 = 1 and j1 = 1, j2 = 2 for J = 3, which
are coupled by the anisotropic interaction, whereas the
lowest state with J = 2 originates from a single rota-
tional configuration with j1 = 1, j2 = 1. The emergence
of the splitting between two states for J = 1 and 3, and
the shift for J = 2 as a function of the anisotropic inter-
action strength, are presented in panel (b). The energy
spectra for J = 1 and 3 are very similar to each other,
because in our model the anisotropy of the intermolecu-
lar interaction is assumed to be independent of the total
rotational angular momentum.
To choose a rotational constant for further investiga-
tions, Fig. 3 presents the energy spectrum of the relative
motion for two interacting molecules in a one-dimensional
harmonic trap as a function of the molecules’ rotational
constant B with the isotropic and anisotropic interaction
strengths set at g0 = g±1 = 4. For the unphysical regime
of B  ω, the energy spectrum becomes very dense.
Detailed results for B  ω will be presented elsewhere.
Therefore, in the rest of the present paper we assume an
intermediate value of the rotational constant B = 0.3 ~ω.
Figure 4 shows the dependence of the energy spectra
of the relative motion for two interacting molecules with
the rotational constant B = 0.3 ~ω in a one-dimensional
harmonic trap on the isotropic interaction strength g0
for different models of the anisotropic interaction. The
states with the even and odd spatial symmetries are de-
noted by solid and dashed lines, respectively, and they are
compared with the known result for two atoms denoted
by the dotted lines. Because of the assumed contact-
type interaction potential, the energy of states with odd
symmetry does not depend on the intermolecular inter-
actions, similarly as in the atomic case [19]. Additionally,
for systems without any rotational angular momentum,
J = 0, j1 = 0, and j2 = 0, the assumed form of the
anisotropic intermolecular interaction does not affect the
system, and energies reduce to the atomic spectrum, in
agreement with collisional results obtained with a com-
plete description of intermolecular interactions [68]. As
a reference, Fig. 4(a) presents the energy spectrum for
the molecular system without any anisotropic interac-
tion, thus it corresponds to the atomic result multiplied
and shifted by rotational energies only and it reveals a
complex nature of investigated systems resulting from
the richer internal structure of molecules as compared to
atoms.
Figures 4(b)-(f) present the energy spectra with non-
zero anisotropic intermolecular interactions in different
scenarios. In Fig. 4(b) we assume that the anisotropic
interaction strength is the same as the isotropic one,
g±1 = g0. Interestingly, in such a case, some energy
levels for higher total rotational angular momenta di-
verge to minus infinity with increasing g0. This indicates
that molecules form clusters deeply bound by a strong
anisotropic interaction, while other levels, which converge
to constant energies, can be interpreted as metastable
gas-like super-Tonks states [6, 76, 77]. Thus, a strong
anisotropic intermolecular interaction can induce the ex-
istence of the molecular equivalent of the atomic super-
Tonks-Girardeau limit in investigated systems. Specif-
ically, in our numerical tests, we have observed such a
behavior for interaction models with g±1/g0 ≥ 1.
Figures 4(c) and 4(e) present the energy spectra for
the system with the anisotropic interaction strength set
at g±1 = 4 and 10, respectively. A larger anisotropy
leads to a larger distortion of the spectrum as compared
to the atomic case and brings states with higher total
rotational angular momentum to lower energies. Fig-
ure 4(d) presents the energy spectrum for the simplified
version of the anisotropic interaction gex±1 = 4 allowing for
exchanging angular momentum only. As expected, the
spectrum in this case is distorted only for total angular
7FIG. 4. Energy spectra of the relative motion for two interacting molecules with the rotational constant B = 0.3 ~ω in a one-
dimensional harmonic trap as a function of the isotropic interaction strength g0 for different models of the short-range anisotropy
of intermolecular interaction: (a) g±k = 0, (b) g±1 = g0, (c) g±1 = 4, (d) gex±1 = 4, (e) g±1 = 10, and (f) g±k = g0/1.5
k. Solid
and dashed lines are for states of even and odd spatial symmetries. Different colors represent states with different total rotational
angular momenta. Dotted lines are for the result for two interacting atoms.
momenta for which the assumed form of the intermolec-
ular anisotropic interaction affects the system. Finally,
Fig. 4(f) presents the energy spectrum for the anisotropic
interaction, which is proportional to the isotropic inter-
action strength, is non-zero for higher k, but decays ge-
ometrically with k, g±k = g0/1.5k. Since the anisotropic
interaction strength in this model is always smaller than
the isotropic one, the molecular features in the spectrum
are less pronounced, despite the presence of couplings for
higher k. In general, the anisotropic interactions related
to larger k in our model are less important than the lead-
ing coupling term g±1, because they couple states with
increasing energy differences.
Figure 5 shows the dependence of the energy spectra of
the relative motion for two interacting molecules with the
rotational constant B = 0.3 ~ω in a one-dimensional har-
8FIG. 5. Energy spectra of the relative motion for two in-
teracting molecules with the rotational constant B = 0.3 ~ω
in a one-dimensional harmonic trap as a function of the
anisotropic interaction strength g±1 for different isotropic in-
teraction strengths: (a) g0 = 0, (b) g0 = 4, and (c) g0 = 17.3
(geff0 = ∞ for a calculation in a finite basis set). Solid and
dashed lines are for states of even and odd spatial symmetries.
Different colors represent states with different total rotational
angular momenta.
monic trap on the anisotropic interaction strength g±k
for different values of the isotropic interaction strength
g0. Panels (a), (b), and (c) present results for very small
(g0 = 0), intermediate (g0 = 4), and very large (g0 →∞)
isotropic interaction strengths, respectively. The impact
FIG. 6. Total rotational angular momentum J of the ground
state for two interacting molecules with the rotational con-
stant B = 0.3 ~ω in a one-dimensional harmonic trap as a
function of the isotropic g0 and anisotropic g±1 interaction
strengths.
of the anisotropic intermolecular interaction decreases
with increasing the isotropic interaction strength. Es-
pecially, in the limit of a very large isotropic interac-
tion strength (g0 → ∞), corresponding to the Tonks-
Girardeau limit in atomic systems, the strength of the
anisotropic intermolecular interaction has to be tuned to
very large values to induce observable effects. It is not
surprising, since for large positive (repulsive) values of
the isotropic interaction, that is, in the Tonks-Girardeau
limit, the interacting particles avoid each other, decreas-
ing their wave functions’ overlap and thus decreasing the
effect of the short-range anisotropic interaction. For a
negative strength of the isotropic interaction interaction,
g0 < 0, the anisotropic interaction affects systems more
easily because molecules are attracted to each other. The
energy spectra for simplified versions of the anisotropic
interaction allowing for exchanging angular momentum
only are distorted only for total angular momenta for
which the assumed form of the intermolecular anisotropic
interaction affects the system.
A common and interesting feature for all investigated
models of intermolecular interactions analyzed in Figs. 4
and 5 is that, in the presence of the anisotropic interac-
tion, the absolute ground state of the system can have
total angular momentum larger than zero, J > 0. Such
a ground state has a (2J + 1) degeneracy that can allow
for the realization of interesting many-body Hamiltoni-
ans in the limit of many optical lattice sites each occu-
pied by two molecules. The ground state and its degen-
eracy in such a scenario can be controlled by tuning the
anisotropy of the intermolecular interaction.
Figure 6 presents the dependence of the total rota-
tional angular momentum J of the ground state for
two interacting molecules with the rotational constant
B = 0.3 ~ω in a one-dimensional harmonic trap on the
9FIG. 7. Energy spectra of the relative motion for two inter-
acting molecules with the rotational constant B = 0.3 ~ω in a
one-dimensional harmonic trap in an external static electric
field as a function of the isotropic interaction strength g0 with
the anisotropic interaction strength g±1 = 4 and the electric
field strengths. (a) dE = 0.5 ~ω and (b) dE = 2.5 ~ω. Solid
and dashed lines are for states of even and odd spatial symme-
tries. Different colors represent states with different projec-
tions |M | of the total rotational angular momentum along the
field. Dotted lines are for the result for two interacting atoms
shifted by the energy of two non-interacting polar molecules.
isotropic g0 and anisotropic g±1 interaction strengths.
This plot clearly shows the interplay of the isotropic and
anisotropic intermolecular interactions observed already
in Figs. 4 and 5. In the absence of or for weak anisotropic
interactions, the ground state has J = 0. With increasing
strength of the anisotropic interaction, the ground state
has increasingly higher total rotational angular momen-
tum. For small isotropic interaction strengths it is easier
to induce incrementally higher total rotational angular
momentum in the ground state. For large isotropic in-
teraction strengths, much larger anisotropic interaction
strengths are needed to induce the ground state with
higher J , and ground states with higher J neighbor one
with J = 0.
In the absence of external electric or magnetic fields,
the total rotational angular momentum is a conserved
FIG. 8. Mean values of the square of the total rotational an-
gular momentum operator Jˆ2 for selected eigenstates of two
interacting molecules with the rotational constant B = 0.3 ~ω
in a one-dimensional harmonic trap in an external static elec-
tric field as a function of the isotropic interaction strength g0
with the anisotropic interaction strength g±1 = 4 and electric
field strength dE = 2.5 ~ω. Solid, dashed, and dotted lines
represent states with different projections |M | of the total ro-
tational angular momentum along the field. The inset shows
the energy spectrum of analyzed eigenstates using the same
color code.
quantity (J is a good quantum number). Therefore, it is
not possible to drive the system between ground states
with different total rotational angular momenta by sim-
ply tuning systems’ parameters. However, transitions in-
volving photon absorption or emission can potentially be
used to reach the ground state with higher total rota-
tional angular momentum after changing the system’s pa-
rameters. Adiabatic evolution between different ground
states can, however, be possible if an external electric
field is applied to couple states with different J .
B. Impact of external electric field
If considered molecules are heteronuclear and posses a
permanent electric dipole moment, then a static electric
field can be used as a knob to control their interactions
and dynamics in a trap via Stark effect [78]. An electric
field couples and mixes states with different total rota-
tional angular momenta J and removes the degeneracy of
states with different |M |. The energy spectrum of a sin-
gle polar molecule in an electric field is shown in Fig. 1(c)
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FIG. 9. Energy spectra of the relative motion for two interacting molecules with the rotational constant B = 0.3 ~ω in a
one-dimensional harmonic trap in an external static electric field as a function of the electric field strength dE for different
models of the isotropic and anisotropic short-range interactions: (a) g0 = 0, g±1 = 0; (b) g0 = 0, g±1 = 4; (c) g0 = 4, g±1 = 4;
and (d) g0 = 17.3 (g
eff
0 = ∞ for a calculation in a finite basis set), g±1 = 4. Solid and dashed lines are for states of even and odd
spatial symmetries. Different colors represent states with different projections |M | of the total rotational angular momentum
along the field.
as a reference.
Figure 7 presents energy spectra of the relative motion
for two interacting molecules with the rotational constant
B = 0.3 ~ω in a one-dimensional harmonic trap in an ex-
ternal static electric field as a function of the isotropic
interaction strength g0 with the anisotropic interaction
strength g±1 = 4 and electric field strength dE = 0.5 ~ω
and 2.5 ~ω. These spectra result from the field-free spec-
trum shown in Fig. 4(c). The assumed model of inter-
molecular interactions affects all states in the presence
of a static electric field, because all eigenstates in this
field are mixtures of field-free states with different total
rotational angular momenta. For this reason, in Fig. 7,
there is no state overlapping with the atomic result and
the deviation from the atomic case is increasing with
increasing the electric field strength. The electric field
splits previously degenerate states into a larger number
of states leading to a high density of states, especially
in the strong electric field as plotted in Fig. 7(b). The
coupling between states originating from different total
angular momenta results in the emergence of a large num-
ber of avoided crossings between these states when the
electric field is applied. They are visible for all projec-
tions of the total rotational angular momentum along the
field presented in Fig. 7 and they are more pronounced
for the larger electric field strength.
Following adiabatically eigenstates across an avoided
crossing can lead to a drastic (ex)change of eigenstates’
properties. Figure 8 shows mean values of the square
of the total rotational angular momentum operator Jˆ2
for selected eigenstates presented in Fig. 7(b). Selected
eigenstates originate from states with J = 0 − 4. It is
apparent that each avoided crossing is associated with
the exchange of the total rotational angular momenta
between eigenstates. The widths of the avoided crossings
depend on parameters of original states and the coupling
strengths between them, but all observed transitions are
smooth. Interestingly, such avoided crossing can be used
11
to control and pump the total rotational angular momen-
tum of the system by tuning intermolecular interactions
or external electric field. Such a control with an electric
field would be a loose electric equivalent of using a mag-
netic field to pump the rotational angular momentum in
the quantum variant of the Einstein–de Haas effect [79].
Figure 9 shows energy spectra of the relative motion
for two interacting molecules with the rotational con-
stant B = 0.3 ~ω in a one-dimensional harmonic trap in
an external static electric field as a function of the elec-
tric field strength dE for different models of the isotropic
and anisotropic short-range interactions. As a reference,
panel (a) presents the spectrum of the non-interacting
molecules, thus it corresponds to the doubled result for
a single polar molecule multiplied and shifted by trap vi-
brational energies only. Panels (b)-(d) show the spectra
for the systems with the anisotropic interaction strength
fixed at an intermediate value of g±1 = 4, whereas the
isotropic interaction strength is zero in panel (b), inter-
mediate in panel (c), and effectively infinite in panel (d).
The electric field removes the degeneracy of states with
different |M | for a given J , leading to a high density of
states especially when both the isotropic and anisotropic
interaction strengths have intermediate values. Interest-
ingly, for the system dominated by the anisotropic in-
teraction presented in panel (b), the lowest states have
high total rotational angular momentum, low energies,
and relatively low density of states (in agreement with
Fig. 5(a)) and the effect of the electric field is weaker in
such a scenario. In the limit of a very large isotropic inter-
action strength (g0 → ∞), corresponding to the molec-
ular Tonks-Girardeau limit, presented in panel (d), the
importance of the anisotropic intermolecular interaction
is reduced and the energy spectrum of the systems in the
electric field simplifies to the spectrum of a single polar
molecule in the field combed with the trap vibrational en-
ergies (spectra for odd and even spatial symmetries are
the same).
The complex spectra with numerous avoided crossings
presented in Figs. 7-9 raise a question whether inves-
tigated systems show a quantum chaotic behavior [80].
To verify this hypothesis we have calculated the nearest-
neighbor spacing distributions of energy levels for inves-
tigated systems in a broad range of the intermolecular
interactions and external fields strengths. In all calcula-
tions we have found level spacing distributions in much
better agreement with the Poisson distribution than with
the Wigner-Dyson one. This observation strongly sug-
gests that the statistical properties of calculated energy
spectra do not follow the predictions of the Gaussian
orthogonal ensemble of random matrices, and neither
quantum chaotic behavior nor level repulsion is observed.
The investigated systems of two interacting molecules
with short-range intermolecular interactions in the elec-
tric field behave thus rather like quantum integrable sys-
tems.
FIG. 10. Energy spectra of the relative motion for two inter-
acting molecules with the rotational constant B = 0.3 ~ω in
a one-dimensional harmonic trap in an external transverse or
axial electric field as a function of the dipole-dipole interac-
tion strength d2: (a) E = 0, g0 = 0, g±1 = 0, (b) Ez = 2.5,
g0 = 0, g±1 = 0, (c) Ez = 0.5, g0 = 0, g±1 = 4. Solid and
dashed lines are for states of even and odd spatial symmetries.
Different colors represent states with different projections |M |
of the total rotational angular momentum along the field.
C. Dipole-dipole interaction
The dipole-dipole interaction plays an important role
in physics of ultracold molecules because heteronuclear
molecules can possess a permanent electric dipole mo-
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FIG. 11. Energy spectra of the relative motion for two
interacting spin-1/2 molecules with the rotational constant
B = 0.3 ~ω in a one-dimensional harmonic trap: (a) as a
function of the spin-rotation coupling strength γ with g0 = 4,
g±1 = 4, B = 0.15 ~ω/µB and (b) as a function of the mag-
netic field strength B with g0 = 4, g±1 = 4, γ = 0.3 ~ω. Basis
set: nmax = 30, jmax = 5. Solid and dashed lines are for states
of even and odd spatial symmetries. Different colors repre-
sent states with different projections M of the total rotational
angular momentum along the field.
ment. At the same time, this interaction is of the long-
range nature and can be controlled with external electric
field [78]. In the present paper, we neglect its long-range
character and focus on its impact on coupling and mix-
ing molecular rotational angular momenta and interplay
with an external static electric field.
Figure 10 presents the dependence of energy spectra
of the relative motion for two interacting molecules with
the rotational constant B = 0.3 ~ω in a one-dimensional
harmonic trap in an external electric field as a function
of the dipole-dipole interaction strength. Here, we de-
fine the dipole-dipole interaction strength as a square
of the molecules’ permanent electric dipole moment d2.
Panel (a) shows the energy spectrum for the field-free
case with the dipole-dipole interaction only. Panel (b)
presents the energy spectrum with the dipole-dipole in-
teraction in a strong external electric field parallel to the
trap axis. Panel (c) presents the energy spectrum with
the dipole-dipole interaction and additionally with the
anisotropic interaction of intermediate strength also in
an intermediate external electric field parallel to the trap
axis.
Numerous avoided crossings and high density of states
are visible for all cases. The dipole-dipole interaction
combines effects of the isotropic g0 and anisotropic g±2
intermolecular interactions, thus it both shifts and splits
energy levels. The dipole-dipole interaction restricted to
one dimension does not conserve the total rotational an-
gular momentum J , but its projection M onto the trap
axis is conserved, also in the presence of an electric field
parallel to the trap axis. If an electric field is not parallel
to the trap axis, then M is not a good quantum num-
ber anymore. If the electric field is perpendicular to the
trap axis, then it tends to align molecules perpendicularly
to the trap axis leading to repulsive interaction between
molecules and increasing their energy. No signature of
quantum chaos is found in these spectra.
D. Spin-rotation interaction and impact of external
magnetic field
If considered molecules posses a non-zero electronic
spin angular momentum, then a static magnetic field can
be used as a knob to control their interactions and dy-
namics in a trap via Zeeman effect [78]. In the present
model, we assume that the intermolecular interaction po-
tential does not depend on the electronic spin. Therefore,
the magnetic field can couple with intermolecular dynam-
ics through the molecular spin-rotation coupling only.
Panel (a) in Fig. 11 presents the dependence of the
energy spectrum of the relative motion for two interact-
ing spin-1/2 molecules with the rotational constant B =
0.3 ~ω in a one-dimensional harmonic trap on the spin-
rotation coupling constant γ. Intermediate strengths of
the isotropic and anisotropic interactions are assumed,
g0 = g±1 = 4 together with the magnetic field of interme-
diate value B = 0.15 ~ω/µB . Without magnetic field the
total angular momentum Jtot,Mtot is conserved and real
crossings between states with different Jtot,Mtot are ex-
pected. The energy spectrum gets more complex with in-
creasing the spin-rotation coupling strength because the
degeneracy of states related to the spin configuration is
removed by this coupling. The magnetic field couples
and splits states with different Jtot, while its projection
Mtot is conserved. Additionally, some crossings from the
field-free case become avoided crossings in the magnetic
field.
Panel (b) in Fig. 11 shows the dependence of the energy
spectrum of the relative motion for two interacting spin-
1/2 molecules in a one-dimensional harmonic trap on the
magnetic field strength B. The intermolecular interac-
13
tions are the same as in panel (a) and an intermediate
value of the spin-rotation coupling constant γ = 0.3 ~ω
is assumed. If there is no spin-rotation coupling present
in the system, then the magnetic field only simply splits
and shifts states with different projections of the total
electronic spin angular momentum on the magnetic field
MS = ms1 + ms2 , but the energy spectra for given MS
look the same. However, when the rotational and spin
angular momenta are coupled and mixed by the molec-
ular spin-rotation coupling, then the magnetic field af-
fects the system’s dynamics and can be used to control
it. The magnetic field induces numerous avoided cross-
ings similarly as the electric field in previous sections.
No signature of quantum chaos is found for spectra in
the magnetic field, either.
IV. SUMMARY AND CONCLUSIONS
Motivated by experimental possibilities and ongoing
efforts aiming at the production and application of fully
controllable systems of few ultracold molecules trapped
in optical tweezers or optical lattices, we have developed
the model description of two interacting ultracold po-
lar molecules effectively trapped in a one-dimensional
harmonic potential. Molecules are described as distin-
guishable quantum rigid rotors interacting via multichan-
nel two-body contact potential incorporating the short-
range anisotropy of intermolecular interactions includ-
ing dipole-dipole interaction. The form of the employed
multichannel potential is motivated by the known na-
ture of short-range chemical intermolecular interactions.
We have also included interactions with external electric
and magnetic fields via Stark and Zeeman effects, respec-
tively. We have focused on systems with small rotational
constants B ≤ ω, whereas detailed results for B  ω will
be presented elsewhere.
We have carefully applied several approximations
needed to simplify calculations, and to separate the im-
pact and importance of different features of the molecular
structure and intermolecular interactions on the system’s
dynamics. Thus, we have attempted to understand two
interacting ultracold polar molecules trapped in a one-
dimensional harmonic potential in a step-by-step man-
ner. We have investigated the properties of such a sys-
tem in a broad range of system parameters and external
field strengths. We have analyzed in detail the interplay
of the molecular rotational structure, anisotropic interac-
tions, spin-rotation coupling, electric and magnetic fields,
and harmonic trapping potential.
Our most important findings can be summarized as
follows.
1. The anisotropic intermolecular interaction brings
states with higher total rotational angular mo-
menta to lower energies such that the absolute
ground state of the molecular system can have the
total angular momentum larger than zero and be
degenerate.
2. If the anisotropic interaction strength is larger than
the isotropic one, then some energy levels for higher
total rotational angular momenta diverge to mi-
nus infinity with increasing the intermolecular in-
teraction strength. This indicates the emergence
of the molecular equivalent of the atomic super-
Tonks-Girardeau limit with clustered ground state
and excited gas-like super-Tonks states.
3. In the limit of a very large isotropic interaction
strength, corresponding to the Tonks-Girardeau
limit in the atomic system, the molecular character
of the system is less pronounced and impact of the
anisotropic interaction and electric field is smaller.
4. The electric and magnetic fields efficiently couple
and mix states with different total angular mo-
menta and result in complex energy spectra with
a high density of states.
5. The electric and magnetic fields as well as dipole-
dipole interaction induce a large number of avoided
crossings.
6. Driving adiabatically the system across above
avoided crossings can be used to control its prop-
erties. Especially, the total rotational angular
momentum can be pumped to the system in a
loose electric equivalent of the quantum Einstein–
de Haas effect.
7. We have not found signatures of quantum chaotic
behavior in energy spectra of investigated systems
which suggests their quantum integrability.
Replacing atoms with molecules in ultracold quantum
few- and many-body systems opens up new possibili-
ties stemming from molecules’ rich internal structure and
anisotropic intermolecular interactions, including long-
range ones. Therefore, the present model and results may
provide understanding and microscopic parameters for
effective molecular many-body Hamiltonians. For exam-
ple, our calculations may be considered as a microscopic
model for the on-site interaction of the molecular mul-
tichannel Hubbard Hamiltonian. Thus, our results may
be useful for the development of bottom-up molecule-by-
molecule assembled molecular quantum simulators.
We believe that the results presented here will be fol-
lowed by many applications of the proposed model and
numerical approach to investigate interesting physics in
different molecular systems, geometries, and dimensions.
We foresee several possible extensions of the present pa-
per. The most straightforward direction is moving to
2D or 3D arrangements. In contrast to the atomic
case, no direct correspondence between energy spectra
in one dimension and three dimensions is expected for
the molecular system. The bosonic or fermionic na-
ture of interacting molecules can also be addressed. On
the other hand, the long-range character of the dipole-
dipole interaction can be included and its interplay with
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isotropic and anisotropic short-range van der Waals in-
teractions can be investigated. Polar and paramagnetic
molecules possessing at the same time both permanent
electric dipole moment and spin structure can be stud-
ied together with their control with external electric and
magnetic fields. Such systems may show an interest-
ing interplay of magnetic and electric properties coupled
by the molecular internal structure. Hyperfine struc-
ture of molecules and chemical reactivity can also be in-
cluded. Molecules possessing different masses, rotational
constants, and trapping frequencies, and resulting cou-
pling between the center-of-mass and relative motions,
can be considered. Emergence of quantum chaotic prop-
erties with increasing complexity of the system is another
intriguing question. Time-dependent dynamics in few-
body molecular systems, especially after a quench of sys-
tem parameters, is another not explored but potentially
interesting direction of research. Finally, two interacting
molecules can be trapped in two sites of an optical lattice
or optical tweezer and such a double-well configuration
can be investigated as a fundamental building block for
the implementation of quantum gates and quantum com-
putation with molecular systems.
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Appendix A: Matrix elements
Here, we provide matrix elements of the components of the Hamiltonian given by Eq. (15) defined in Eqs. (4),
(6), (8), (9), (13) in the computation basis of |n, J,M, j1, j2, s1,ms1 , s2,ms2〉 ≡ |n〉|J,M, j1, j2〉|s1,ms1〉|s2,ms2〉 as
described in Sec. II,
〈HˆX〉 ≡ 〈n, J,M, j1, j2, s1,ms1 , s2,ms2 |HˆX |n′, J ′,M ′, j′1, j′2, s′1,m′s1 , s′2,m′s2〉. (A1)
〈Hˆtrap〉 = δnn′δJJ ′δMM ′δj1j′1δj2j′2δs1s′1δs2s′2δms1m′s1 δms2m′s2~ω
(
n+
1
2
)
, (A2)
〈Hˆrot〉 = δnn′δJJ ′δMM ′δj1j′1δj2j′2δs1s′1δs2s′2δms1m′s1 δms2m′s2B (j1(j1 + 1) + j2(j2 + 1)) , (A3)
〈Hˆspin–rot〉 = δnn′δJJ ′δM+ms1+ms2 ,M ′+m′s1+m′s2 δj1j′1δj2j′2δs1s′1δs2s′2
×
j1∑
m1=−j1
j2∑
m2=−j2
j1∑
m′1=−j1
j2∑
m′2=−j2
〈j1m′1j2m′2|JM〉 〈j1m′1j2m′2|JM ′〉
×
(
δms1m′s1 δms2m
′
s2
γ(m1ms1 +m2ms2)
+
γ
2
(
δms1+1,m′s1
δms2 ,m′s2
δm1−1,m′1δm2m′2 + δms1 ,m′s1 δms2+1,m′s2 δm1m′1δm2−1,m′2
+δms1−1,m′s1 δms2 ,m′s2 δm1+1,m′1δm2,m′2 + δms1 ,m′s1 δms2−1,m′s2 δm1m′1δm2+1,m′2
))
,
(A4)
〈HˆStark(Ez 6= 0)〉 = −dEzδnn′δs1s′1δs2s′2δms1m′s1 δms2m′s2
×
j1∑
m1=−j1
j2∑
m2=−j2
j′1∑
m′1=−j′1
j′2∑
m′2=−j′2
〈j1m1j2m2|JM〉 〈j′1m′1j′2m′2|J ′M ′〉
×δm1m′1δm2m′2
(
δj1±1,j′1δj2j′2
√
2j1 + 1
2j′1 + 1
〈j1010|j′10〉 〈j1m110|j′1m1〉+
+δj1j′1δj2±1,j′2
√
2j2 + 1
2j′2 + 1
〈j2010|j′20〉 〈j2m210|j′2m2〉
)
(A5)
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〈HˆStark(Ex 6= 0)〉 = dEx√
2
δnn′δs1s′1δs2s′2δms1m′s1 δms2m
′
s2
×
j1∑
m1=−j1
j2∑
m2=−j2
j′1∑
m′1=−j′1
j′2∑
m′2=−j′2
〈j1m1j2m2|JM〉 〈j′1m′1j′2m′2|J ′M ′〉
×
(
δj1±1,j′1δj2j′2δm2m′2
√
2j1 + 1
2j′1 + 1
〈j1010|j′10〉
(
δm1+1,m′1 〈j1m111|j′1m′1〉 − δm1−1,m′1 〈j1m11(−1)|j′1m′1〉
)
+δj1j′1δj2±1,j′2δm1m′1
√
2j2 + 1
2j′2 + 1
〈j2010|j′20〉
(
δm2+1,m′2 〈j2m211|j′2m′2〉 − δm2−1,m′2 〈j2m21(−1)|j′2m′2〉
))
,
(A6)
〈HˆZeeman〉 = δnn′δJJ ′δMM ′δj1j′1δj2j′2δs1s′1δs2s′2δms1m′s1 δms2m′s2 2µB(ms1 +ms2)B , (A7)
〈Hˆiso〉 = δJJ ′δMM ′δj1j′1δj2j′2δs1s′1δs2s′2δms1m′s1 δms2m′s2 g0ϕn(0)ϕn′(0) , (A8)
〈Hˆaniso〉 = δJJ ′δMM ′δj1±k,j′1δj2∓k,j′2δs1s′1δs2s′2δms1m′s1 δms2m′s2 g±kϕn(0)ϕn′(0) , (A9)
〈Hˆdip〉 = −d2ϕn(0)ϕn′(0)δs1s′1δs2s′2δms1m′s1 δms2m′s2 δj1±1,j′1δj2±1,j′2
×
√(
2j1 + 1
2j′1 + 1
)(
2j2 + 1
2j′2 + 1
)
〈j1010|j′10〉 〈j2010|j′20〉
×
j1∑
m1=−j1
j2∑
m2=−j2
j′1∑
m′1=−j′1
j′2∑
m′2=−j′2
(
δm1+1,m′1δm2−1,m′2 〈j1m111|j′1m′1〉 〈j2m21(−1)|j′2m′2〉
+δm1−1,m′1δm2+1,m′2 〈j1m11(−1)|j′1m′1〉 〈j2m211|j′2m′2〉+ 2δm1m′1δm2m′2 〈j1m110|j′1m1〉 〈j2m210|j′2m2〉
)
,
(A10)
where δij is the Kronecker delta and ϕn(0) is a harmonic oscillator wave function for state n at point z = 0.
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